In this paper we analyze the normal forms of a general quadratic Hamiltonian system defined on the dual of the Lie algebra o(K) of real K -skew -symmetric matrices, where K is an arbitrary 3 × 3 real symmetric matrix.
Introduction
When thinking about quadratic and homogeneous Hamiltonian systems on the dual of a Lie algebra, the first example that comes to our mind is the system describing the rotations of a free rigid body around its center of mass. This system was derived by Euler in 1758 (see e.g. [5] ) then generalized by Poincaré (see [14] ), and then again later by Arnold (see e.g. [2] ) starting from the original so(3) Lie algebra, to a general Lie algebra. The mathematical literature contains a huge amount of writings concerning Euler's equations, from their original form to the most general forms (see e.g. [5] , [12] , [1] , [3] , [4] , [6] , [7] , [8] , [15] , [10] , [13] , [9] , [11] ).
In this paper we study a large class of Hamiltonian systems defined on the dual of the Lie algebra o(K) of real K -skew-symmetric matrices, where K is an arbitrary 3 × 3 real symmetric matrix. More precisely, we consider the Hamiltonian systems on (o(K)) * , generated by quadratic Hamiltonian functions, and we show that under suitable conditions, the classical "relaxed" free rigid body dynamics, represents the normal form of a Hamiltonian system on (o(K)) * , generated by a quadratic and homogeneous Hamiltonian function, and respectively the classical "relaxed" free rigid body dynamics with three linear controls, represents the normal form of a Hamiltonian system on (o(K)) * , generated by a quadratic Hamiltonian function. As a consequence of these results we get that the extended free rigid body introduced in [11] is equivalent to the classical "relaxed" free rigid body. Note that by classical "relaxed" free rigid body dynamics, we mean the dynamics generated by the classical Euler's equations of the free rigid body on (so(3)) * , where the Hamiltonian is supposed to be generated by an arbitrary 3 × 3 diagonal real matrix.
The structure of the paper is as follows: in the second section we prepare the framework of our study, by introducing the family of Hamiltonian systems to be analyzed, and recall some of the main geometrical properties of the Poisson configuration manifold. In the third section of this article one compute explicitly the normal form of a general quadratic and homogeneous Hamiltonian system on (o(K)) * . More precisely, one shows that if there exists α, β ∈ R such that the symmetric real matrix αA+βK is positive definite, where A denotes the symmetric matrix generating the quadratic and homogeneous Hamiltonian function H A , then the Hamiltonian system ((o(K)) * , {·, ·} K , H A ), is equivalent to the relaxed free rigid body dynamics. In the fourth section, one shows that the normal form of a general quadratic Hamiltonian system on (o(K)) * in the case when there exists α, β ∈ R such that the symmetric real matrix αA + βK is positive definite, is equivalent to the relaxed free rigid body dynamics with three linear controls. In the last section, one gives a unified and also generalized formulation of the results obtained in the previous sections, by analyzing the case of a general quadratic Hamiltonian system on a natural extension of (o(K)) * . For details on Poisson geometry and Hamiltonian dynamics, see, e.g. [1] , [2] , [13] , [6] , [7] , [8] , [16] .
Quadratic Hamiltonian systems on (o(K)) *
As the purpose of this paper is to study the quadratic Hamiltonian systems on (o(K))
* from the Poisson geometry and dynamics point of view, the first step in this approach is to prepare the geometric framework of the problem.
Let us recall first some generalities about the Lie algebra o(K) of 3 × 3 real K-skew-symmetric matrices, and his dual space (o(K)) * , where K is an arbitrary 3 × 3 real symmetric matrix. In the case when K is nondegenerate, the Lie algebra o(K) := {A ∈ gl(3; R) : A T K + KA = O 3 } is the Lie algebra of the Lie group O(K) := {A ∈ GL(3; R) : A T KA = K} of K-orthogonal 3 × 3 matrices. Let us now recall a Lie algebra isomorphism between o(K) and R 3 . For details regarding this isomorphism, see e.g. [6] , [13] .
the "minus" Lie-Poisson structure, which in this case proves to be generated by the Poisson bracket:
, where the smooth function
For more details regarding this bracket and the associated Lie-Poisson dynamics, see e.g. [6] .
Remark 2.2. It is not hard to see that the center of the Poisson algebra
is generated by the Casimir invariant
Hence, using the above isomorphism between (o(K)) * and R 3 , a quadratic Hamiltonian system on (o(K)) * is isomorphically represented by a quadratic Hamiltonian system on R 3 as follows:
where the Hamiltonian
with A ∈ Sym(3) a given symmetric matrix, and a ∈ R 3 .
Remark 2.3.
A quadratic Hamiltonian system on (R 3 , {·, ·} K ) is given by:
Remark 2.4. For a = 0, the Hamiltonian H (A,0) =: H A becomes a quadratic and homogeneous Hamiltonian. The associated Hamiltonian system (R 3 , {·, ·} K , H A ), is called a quadratic and homogeneous Hamiltonian system, and is given by:
Remark 2.5. For K nondegenerate, the system (2.1) can also be regarded as a dynamical system resulting from the reduction by the symmetry group O(K) of some symplectic dynamics on cotangent bundle
Remark 2.6. The dynamics (2.1) admits a family of Hamilton-Poisson realizations parametrized by the Lie group SL(2; R). More exactly, (
Hamilton-Poisson realization of the dynamics (2.1), where α β γ δ ∈ SL(2, R),
, and the functions C α,β , H γ,δ ∈ C ∞ (R 3 , R) are given by:
for any u ∈ R 3 .
Normal forms of quadratic and homogeneous Hamiltonian systems on (o(K)) *
In this section we compute explicitly the normal form of a general quadratic and homogeneous Hamiltonian system on (o(K)) * . More exactly, we show that if there exists α, β ∈ R, β = 0, such that K α,β := αA + βK is positive definite, then the quadratic and homogeneous Hamiltonian system (R 3 , {·, ·} K , H A ), is linearly equivalent to the relaxed free rigid body dynamics.
Let us start with the case when the symmetric matrix K is positive definite.
Proposition 3.1. If the matrix K is positive definite, then the system (2.2) is linearly equivalent to the dynamical system:
where the symmetric matrixÂ is given byÂ =:
Proof. Let us first make the notation L −T := (L −1 ) T . Next, we show that:
where t → u(t) is a solution of the dynamical system (2.2):
and respectively t → w(t), is a solution of the dynamical systeṁ
To prove this assertion, note first that:
Hence,u
Remark 3.2. Note that since K is a real, symmetric and positive definite matrix, by Cholesky decomposition we always get a lower triangular matrix L ∈ GL(3, R) such that K = LL T .
Next proposition study the case when the matrix K is not positively definite, but there exists α, β ∈ R such that K α,β := αA + βK is positive definite. One shows that this case can be reduced to the above studied case. Proposition 3.3. If there exists α, β ∈ R, β = 0 such that the symmetric matrix K α,β is positive definite, then the system (2.2) is homothetically equivalent to the dynamical system:ṗ
Proof. We show that: u(t) = βp(t), where t → u(t) is a solution of the dynamical system (2.2):
and respectively t → p(t), is a solution of the dynamical systeṁ
Proposition 3.4. The system (3.1) is orthogonally equivalent to the dynamical sys-
2)
whereD := diag(λ 1 , λ 2 , λ 3 ) ∈ gl(3, R), and R ∈ O(Id) is an orthogonal matrix such that R TÂ R =D.
Proof. Note first that the equation (3.1) is of the type (R 3 , {·, ·} K , H A ), for K = Id and A =Â. The proof follows by Proposition (3.1), for L = R ∈ O(Id) such that R TÂ R =D, whereD := diag(λ 1 , λ 2 , λ 3 ) ∈ gl(3, R).
Remark 3.5. If there exists α, β ∈ R, β = 0 such that the symmetric matrix K α,β is positive definite, then the dynamical system (2.2) is linearly equivalent to the system (3.2), whereD := diag(λ 1 , λ 2 , λ 3 ) is the diagonal form of the matrix A ∈ Sym(3) which generates the system (3.1). Note that, using coordinates, the system (3.2) becomes:
Hence, we proved that if there exists α, β ∈ R, β = 0 such that the symmetric matrix K α,β := αA + βK is positive definite, then the quadratic and homogeneous Hamiltonian system (R 3 , {·, ·} K , H A ) describes actually the relaxed free rigid body dynamics.
Normal forms of quadratic Hamiltonian systems on (o(K)) *
In this section we compute explicitly the normal forms of a general quadratic Hamiltonian system on (o(K)) * . We construct explicitly an affinely equivalent system to the dynamical system (2.1), and show that this system describes the relaxed free rigid body dynamics with three linear controls.
Proposition 4.1. If the matrix K is positive definite, then the system (2.1) is linearly equivalent to the dynamical system:
T . We will show that:
where t → u(t) is a solution of the dynamical system (2.1):
and respectively t → w(t), is a solution of the dynamical systeṁ w = w × (Âw +â).
In the case when the matrix K is not positive definite, but there exists α, β ∈ R such that αK + βA is positive definite, we use the fact that the system (2.1) is of the general type (5.1), which by Proposition (5.3) is affinely equivalent to a dynamical system of the type (4.1).
Proposition 4.2. The system (4.1) is orthogonally equivalent to the dynamical system:v
Proof. Note first that the equation (4.1) is of the type (R 3 , {·, ·} K , H (A,a) ), where K = Id, A =Â and a =â. The proof follows by Proposition (
Remark 4.3. If there exists α, β ∈ R such that αK + βA is positive definite, then the dynamical system (2.2) is affinely equivalent to the system (4.2), whereD := diag(λ 1 , λ 2 , λ 3 ) is the diagonal form of the matrixÂ ∈ Sym(3) which generates the corresponding quadratic Hamiltonian system of the type (4.1). Using coordinates, the system (4.2) becomes:
are the coordinates ofd.
Hence, we proved that if there exists α, β ∈ R such that αK + βA is posi
Next theorem shows that for K positive definite, a quadratic Hamiltonian system on (R 3 , {·, ·} (K,k) ) is affinely equivalent to a quadratic Hamiltonian system on (so(3)) * , and consequently equivalent to the relaxed free rigid body dynamics with three linear controls, as already proved in the above section.
Theorem 5.2. If the matrix K is positive definite, then the system (5.1) is affinely equivalent to the dynamical system:
where t → u(t) is a solution of the dynamical system (5.1):
Hence,
Using the Remark (5.1), note that if there exists α, β ∈ R such that αK + βA is positive definite, then for any γ, δ ∈ R such that α β γ δ ∈ SL(2, R), the system (5.1) can be written in the equivalent forṁ
where P α,β = αK + βA, p α,β = αk + βa, A γ,δ = γK + δA, and a γ,δ = γk + δa. Consequently, using this remark and the Theorem (5.2) we obtain the following result.
Proposition 5.3. If there exists α, β ∈ R such that P α,β = αK + βA is positive definite, then the system (5.1) is affinely equivalent to the dynamical systeṁ
, and respectively γ, δ ∈ R such that α β γ δ ∈ SL(2, R).
Hence, by combining this result with Proposition (4.2), we proved that if there exists α, β ∈ R such that the symmetric matrix P α,β := αK + βA is positive definite, then the quadratic Hamiltonian system (5.1), (R 3 , {·, ·} K,k , H A,a ), describes actually the relaxed free rigid body dynamics with three linear controls.
Moreover, if there exists α, β, γ, δ ∈ R as in Proposition (5.3) such that the following relation holds true a γ,δ − A γ,δ (P α,β ) −1 p α,β = 0, then by Proposition (3.4), the system (5.1) is affinely equivalent to the classical relaxed free rigid body dynamics. Next result gives another sufficient condition for which the general system (5.1) is affinely equivalent to the classical relaxed free rigid body dynamics, via the Propositions (3.1), (3.4).
Proposition 5.4. If there exists α, β ∈ R, β = 0 and γ ∈ R 3 such that the symmetric matrix K α,β = αA + βK is positive definite, and Aγ + a = 0, Kγ + k = 0, then the system (5.1) is homothetically equivalent to the dynamical system:
Proof. We show that: u(t) = βp(t) + γ, where t → u(t) is a solution of the dynamical system (5.1): u = (Ku + k) × (Au + a), and respectively t → p(t), is a solution of the dynamical systeṁ p = (K α,β p) × (Ap).
To prove this assertion, note first that: 
